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ABSTRACT

Let D be a division ring and let n > 2. We study factorizations of matrices in M, (D)
into products of square-zero matrices with prescribed ranks. We show that a matrix
A € M, (D) is a product of square-zero matrices if and only if rank(A) < n/2. Moreover,
under this condition, such factorizations can be refined to satisfy prescribed rank
constraints on the factors. In particular, we prove that A admits a factorization into a
product of six square-zero matrices whose ranks lie in a prescribed interval.
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1. Introduction

Let D be a division ring and let
M,, (D) denote the algebra of all n X n
matrices over D. A matrix A € M,,(D) is
called nilpotent of index k if

A¥ =0 and A*'=0.

A matrix A€ M,(D) is called
square-zero if it is nilpotent of index 2,
equivalently,

A2=0 and A#0.

Factorizations of matrices into
products of nilpotent or square-zero
matrices have been extensively studied
in matrix theory over fields and division
rings. Classical results of Wu [1], Laffey
[2] and Sourour [3] characterize
products of nilpotent matrices over
fields, while later works of Botha [4, 5],
Bukovsek [6], Mohammadian [7]
investigated products of square-zero
matrices and commuting square-zero
matrices under various assumptions and
rank constraints.

In particular, Botha proved (see [5,
Theorem 5]) that a matrix A € M,,(F)
over a field F can be written as a product
of square-zero matrices if and only if
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n
rank(4) < >

Moreover, every such matrix can be
expressed as a product of at most three
square-zero matrices with arbitrary 7;
satisfying

n
rank(4) <rn; < E'i =1,2,3.
In general, the number three cannot be
reduced.

This result naturally motivates the
study of square-zero factorizations over
division rings, where rank is understood
as the dimension of the right vector
space generated by the columns of a
matrix. In the noncommutative setting,
additional difficulties arise from the lack
of commutativity and the more delicate
behavior of matrix decompositions.

In this paper, we study factorizations
of matrices in M, (D) into products of
square-zero matrices with prescribed
ranks. We show that a matrix 4 €
M, (D) is a product of square-zero
matrices if and only if

n
rank(4) < >
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Furthermore, we prove that such
factorizations can be refined so that the
square-zero  factors  have  ranks
belonging to prescribed intervals. In
particular, every matrix satisfying

n
rank(4) < 5

admits a factorization into a bounded
number of square-zero matrices whose
ranks satisfy prescribed constraints.

2. Literature Review

Factorizations of matrices into
products of nilpotent matrices have been
studied for several decades. One of the
earliest results in this direction was
obtained by Wu [1] in 1987, who proved
that every singular complex matrix that
is not a nonzero nilpotent matrix of size
2 X 2 can be expressed as a product of
two nilpotent matrices whose ranks are
both equal to the rank of the matrix.

Later, Laffey [2] and Sourour [3]
extended this result to arbitrary fields by
proving that every singular matrix over
an arbitrary field, except for nonzero
nilpotent matrices of size 2 X 2, can be
expressed as a product of two nilpotent
matrices whose ranks are equal to the
rank of the matrix.

In 1994, Botha [4] investigated
factorizations into nilpotent matrices
with prescribed ranks. He showed that a
singular matrix A € M,,(F) can be
expressed as a product of two nilpotent
matrices with prescribed ranks r; and r,
if and only if

rank(4) < min{ry,n,},
max{r;,} <n-—1,
and
7, + 1, < n + rank(4),
except when A is a nonzero nilpotent
2 X 2 matrix of rank 1.
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The study of products of square-zero
matrices has also attracted considerable
attention. In 2016, Botha [5] determined
conditions under which a matrix over a
field can be expressed as a product of
square-zero matrices. Moreover, it is
known that a matrix A € M, (F) is a
product of square-zero matrices if and
only if

n
rank(4) < >

and every such matrix can be expressed
as a product of at most three square-zero
matrices.

Another direction concerns products
of commuting square-zero matrices. In
2007, Bukovsek [6] proved that a matrix
A € M,,(F) is a product of k pairwise
commuting square-zero matrices if and
only if

n
rank(A4) < o

In the same work, BukovsSek also
characterized matrices that can be
expressed as products of two commuting
nilpotent matrices.

The corresponding problem over
division rings was later studied by
Mohammadian [7] in 2012. He proved
that a matrix A € M,,(D) can be written
as a product of two commuting square-
zero matrices if and only if

rank(4) < %.

Although various results concerning
products of nilpotent and square-zero
matrices have been obtained over fields
and division rings, the problem of
characterizing products of square-zero
matrices over arbitrary division rings has
not been fully investigated. Moreover,
factorizations with prescribed rank
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conditions on the square-zero factors
appear to remain unexplored.

Motivated by these questions, in this
paper we study factorizations of matrices
in M,,(D) into products of square-zero
matrices with prescribed ranks. We
establish a characterization in terms of
the rank of the matrix and obtain
factorizations in which the square-zero
factors  satisfy  prescribed  rank
constraints.

3. Theoretical Basis

Throughout, let D be a division ring
and let n be a positive integer. We write
M,, (D) for the ring of all n X n matrices
over D, and GL,(D) for the group of
invertible matrices in M,, (D).

For a € D, let J,,(a) denote the
n X n Jordan block with diagonal
entries a, and write

Jn 1= Jn(0).
Given matrices A; € M, (D) with
Yi=gm; = n, we write
=14
for their block diagonal direct sum.

Recall that for a matrix A€
M,xn (D), the rank of A, denoted by
rank(4), is defined as the dimension
over D of the right subspace of D™
spanned by the columns of A.

It is well known that rank is
invariant under multiplication by
invertible matrices. More precisely, if
P € GL,,(D) and Q € GL,(D), then

rank(PAQ) = rank(A).

In particular, similar matrices over a
division ring necessarily have the same
rank.

We first recall the following
characterization of products of square-
zero matrices over fields obtained by
Botha.
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Theorem 1 ([5, Theorem 5]). Let F be
afield, andlet n > 2 be an integer. Then
A € M, (F) is a product of square-zero
matrices if and only if

rank(4) < n/2.

Moreover, if rank(A) < n/2, then
for any prescribed integers 1i,7,,73
satisfying rank(4A) <r, <n/2,i=
1,2,3, there exist square-zero matrices
A, Ay, A such that A=
AjA,A; and rank(4;) =7

We next recall several structural
results on matrices over division rings
that will be used throughout the paper.

The following canonical form for
nilpotent matrices over division rings
was obtained in [7, Theorem 5].
Lemma 2. Let D be a division ring, and
let n be a positive integer. Then every
nilpotent matrix N € M, (D) is similar
to @iy Jm, where my+my+ -+
mg =n.

To deal with non-nilpotent singular

matrices, we will use the following
decomposition result, which follows
from [8, Theorem 15, p. 28].
Lemma 3. Let D be a division ring and
letn = 2 be an integer. If A € M,,(D) is
neither invertible nor nilpotent, then A is
similar to A; @ A,, where A, € M (D)
is nilpotent for some t > 1, and A, €
GL,_:(D).

The following factorization result is
a consequence of [9, Theorem 2.1].
Lemma 4. For any A € GL,(D), there
exist a lower triangular matrix L and an
upper triangular matrix U such that A is
similar to LU.

The following elementary
observation gives a necessary rank
condition for square-zero matrices.
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Lemmas. LetV be a right vector space
over a division ring D, and let ¢:V =V
be a right D-linear map such that ¢>
0. Then dimpIm(¢p) < 1/2dimpV. In
particular, if A € M, (D) satisfies A
0, then rank(A) < n/2.

Proof. Since ¢p? = 0, we have

Im(¢) S ker(¢).

Thus
dimpV = dimpker(¢) + dimpIm(¢)
> 2dimpIm(¢).

The matrix statement follows by
considering the linear map ¢(x) =
Ax. O
4. Main Results

We now establish the main result of

this paper, which characterizes matrices
over division rings that can be expressed
as products of square-zero matrices. We
also show that such factorizations can be
obtained with prescribed rank conditions
on the factors.
Theorem 6. Let D be a division ring,
and let n > 2 be an integer. A matrix
A €M, (D) can be expressed as a
product of square-zero matrices if and
only ifrank(4) < n/2.

In this situation, one may choose a
factorization of A into three square-zero
matrices. If, in addition, the ranks of the
factors are prescribed in advance, say
11, ..., Tg Satisfying

n
rank(4) <7, < >

then A can be written as a product of six
square-zero matrices A; such that
rank(4;) = ;.

Proof. First, assume that A € M,,(D) isa
product of square-zero matrices. Then
rank(A4) does not exceed the rank of
each factor. By Lemma 5, every square-
zero matrix has rank at most n/2. Hence
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rank(4) < n/2.

Conversely, assume that rank(A4) =
r withr < n/2. Let F be the center of
D. We consider two cases.

Case 1. A is nilpotent. In this case,
by Lemma 2, there exists a matrix B €
M, (F), where F is the center of D, such
that B is similar to A. In particular,
rank(B) = rank(4) < n/2 By
Theorem 1, B is product of three square-
zero matrices. Moreover, given integers
1, ..., Tg satisfying

n
rank(B) <r; < > i=1,..,6,

we can express B as a product

B =B, - By,
where each B; is a square-zero matrix
with rank(B;) =r1; , by iteratively
applying Theorem 1.

Case 2. A is not nilpotent. By
Lemma 3, there exist a nilpotent matrix
A, € M (D), with t > 1, and a matrix
A, € GL,,_;(D) such that A is similar to
A, @ A,. Then

rank(4,) = n —t,
and hence
rank(4,) =r —rank(4,) =r—n+t

_ (T_E)+(£_E)+£<£

B 2 2 2) 272
By Lemma 2, A; is similar to B @
0¢_m, where

B = ®;_1Jn, € My (D),
Thus,

rank(4,) = rank(B) = m —s,
and so

TLLZZ

<t
m-—s<r—.
2

It follows that A is similar to
(B D 0p—25) D (025 D 4,),
where h = m — s. Denote
X=B® O0n_zs
Y = 0;2n @ 4s.
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Then X € M,,(F) and rank(X) =h .
By Theorem 1, X is a product of three

square-zero matrices. Since
(t—2h)—(n—1t)

n
=2 (E — rank(A)> >0,

which allows us to define square-zero
matrices Y3, Y,, Y3 by
Ot On—t)
Op—¢/’

Y, = 0t—2h—(n—t) SV (In—t

Ly —In-
Vo= 0anuo ® (7 Z1),

Opr A
=0 (0t )
we obtain Y = Y;Y,Y;. Therefore, A is a
product of three square-zero matrices.
Now suppose that integers 17, ..., g
are prescribed such that
rank(A) <r, <n/2, i=1,..,6.
Then there exist integers ¢4, ..., % and
ki, ..., kg such that
r; =4; +k; rank(4;) <¥;
<t/2, and k;
=rank(4,) =n—t, i
=1,..,6.
Since X is nilpotent, by Case 1 it can be
written as a product of six square-zero
matrices X; with ranks ;. On the other
hand, by Lemma 4, we may assume
A, = LU. Then Y can be expressed as
Y = VH, where
V= (O(t—Zh)x(n—t) O(t—Zh)x(t—Zh))
L On—tyx(e=2n) /’

and
- (0(n—t)x(t—2h) U )
Oct—2mx(t=2n)  Ot—2m)x(n—-t)/"
Since (t — 2h) — (n — t) = 0, both
V and H are nilpotent. It follows from
Lemma 2 and Theorem 1 that Y is a
product of six square-zero matrices with
ranks k; . Therefore, combining the
decompositions of X and Y, we obtain
that A is a product of six square-zero
matrices with ranks r; = ¢; + k;, for i =
1,..,6.0
5. Conclusion
In this paper, we investigated
factorizations of matrices over division
rings into products of square-zero
matrices. We established that a matrix
A € M,,(D) is a product of square-zero
matrices if and only if

n
rank(4) < >

We also obtained factorizations in which
the square-zero factors satisfy prescribed
rank constraints.

However, the optimality of the
number of factors obtained in our
constructions remains unclear. In
particular, for prescribed ranks of the
square-zero factors, it is still unknown
whether the number of factors can
always be reduced further. Determining
optimal bounds for the minimal number
of square-zero factors under prescribed
rank conditions seems to be an
interesting problem for future research.
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VE TiICH CUA CAC MA TRAN CO BiNH PHUONG BANG KHONG
TREN VANH CHIA
Vé Thi Vin Anh
Trudng Pai hoc Cong nghé K§ thuat Thanh phd Hd Chi Minh
Email: anhvtv@hcmute.edu.vn
(Ngay nhan bai: 29/5/2026, ngay nhan bai chinh stra: 9/6/2026, ngay duyét dang: 25/6/2026)
TOM TAT

Cho D la m¢ot vanh chia va n = 2. Chung toi nghién cuu cac phdn tich cua nhitng
ma trdn trong My, (D) thanh tich ciia céc ma trdn c6 binh phrong bang khéng véi hang
dwoc chi dinh truoc. Chung toi chi ra rcfng mét ma trdn A € M, (D) la tich cua cdac
ma trdn cé binh phwong bang khéng khi va chi khi rank(A) < n/2. Hon nita, duéi
diéu kién nay, ta cé thé xdy dwng cdc phan tich nhw vdy sao cho hang ciia cdc nhan tiv
thoa nhitng diéu kién xdc dinh. Pdc biét, chung toi chirng minh rcingA c6 thé duoc
phan tich thanh tich ciia khéng qud sdu ma trdn cé binh phiwong bang khéng, véi hang
duwoc chon tuy y trong mot khoang cho trucoc.

Tir khoa: Vanh chia; phdan tich ma tran; ma tran lity linh; ma trdn co binh phwong
bang khéng

178


mailto:anhvtv@hcmute.edu.vn

